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Abstract
This paper deals with the development of the equation of motion and practical
implementation of low cost two-wheel self-balancing model of a Segway transporter. The
experimental model of cart was designed and made under this study. Nonlinear equations of
motion of real model and linearized model were derived. To develop the mathematical model,
Matlab/Simulink was applied. The mechanical part was implemented into Simulink, and a DC
motor was considered as a linear system. The real model was tested for its balance by
implementation of a control algorithm consisting of a complementary filter and PID algorithm
on an Arduino development board with peripheral devices. The fully functional self-balancing
model was used as a demonstration in the teaching process of the Mechatronics courses.
Keywords
Segway model, equations of motion, self-balancing, PID control
INTRODUCTION
A two-wheel self-balancing cart uses the idea of an inverted pendulum theory, which is a
conventional non-linear control problem of unstable system. Many publications deal with the
problem of inverted pendulum, using different approaches to solution: starting from simple
balancing of a two-wheel transporter (only 2-DOF) [8], to complex decomposed systems. Some
papers are focused on description or comparison of balancing control techniques (PID, LQR,
state space model, transfer function, fuzzy control, neural networks) [2, 3, 4, 9, 10], or on filtering
the measured signals [1, 6, 7].
This paper is aimed at designing a simple autonomous model of a "Segway" transportation
system, which can be used to demonstrate principles of stability control in the Mechatronics
lectures. That leads to several simplifications introduced into the physical and mathematical
models. To balance the two-wheel cart, it is necessary to obtain accurate information of the actual
tilt angle by using an Inertial Measurement Unit. Output data from IMU are combined in a
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complementary filter. The vehicle utilises a PID controller to control its stability. Advantage of
PID control is a simple set up to a wide application range and undemanding implementation.
MATHEMATICAL MODEL OF A TWO-WHEEL CART
Mathematical description of a two-wheel vehicle by differential equations is based on a
simplified physical model. The following assumptions and simplifications were used for the
problem:
- the friction between all components is neglected,
- the efficiency of the gearbox is equal to 1, and the reduction is rigid,
- rolling of the wheels on the mat without slipping is considered,
- only a small inclination angle  of the vehicle from the equilibrium position is assumed.
We used a simplified physical model based on the inverted pendulum to assemble the
mathematical description and construct the dynamic equations describing the movement of the
vehicle. Fig. 1 shows the simplified model of the two-wheel self-balancing cart. Subscript B
denotes parameters and dimensions of chassis (body), and subscript W denotes wheel parameters.

x – horizontal position of the wheels axis
LT – distance between center of mass and the
wheels axis
IB – moment of inertia of the chassis
IW – moment of inertia of the wheel
IWred – reduced moment of inertia of the wheel,
gear and motor

mB – weight of the chassis
mW – weight of the wheel
R, L – angles of the wheels
 – tilt angle of the chassis
ϕ – pan angle of the car
MR, ML – driving torques of both DC motors
R – radius of the wheel
b – wheels distance

Fig. 1 Kinematic model of two-wheel self-balancing cart during general motion in a plane

Derivation of equations of motions was divided into two parts. In the first step, rectilinear
in-plane movement of the vehicle was considered. Obtained nonlinear equations of rectilinear
motion were linearized and prepared for the assembly of a control model. In the next step,
equations of general in-plane motion were derived.
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The equations of motions of two wheel car during rectilinear movement
When the car moves along a straight line, the coordinates of the centre of gravity T of the
chassis part are defined as

xT  x  LT sin 
yT  R  LT cos 

,

(1)

where x   R x   R  , whereas    L   R . The position of the centre of mass of chassis
and all mass parameters need to be determined experimentally. The kinetic energy of the system
is equal to
1
1
1
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  m B  mW  2  x T  m B LT cos   x  m B LT (cos )  I B 
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R 
2

Ek 





(2)

The potential energy is given by the vertical position of the chassis center of mass

E p  mB LT g cos  .

(3)

Given the previous, it is possible to give the expression of the Lagrangian, for the system is
written as the expression

L  Ek  E p .

(4)

Having this, the Lagrange´s equations become
  L  L
 M
 
t    
  L  L
0
 
t  x  x

.

(5)

After some manipulations, we obtain motion equations of inverted pendulum model





mB LT cos  x  mB L2T cos  sin   2  mB L2T (cos ) 2  I C   mB LT g sin    M
2I

 mB  2mW  W2
R



 x  mB LT sin   2  mB LT cos    0


,

(6)

where M represents the required torque of DC motor with gear box.
Solution of the system of nonlinear differential equations was accomplished in
MATLAB/Simulink. The model is shown in Fig. 2.
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Fig. 2 Model of self-balance vehicle in MATLAB/Simulink

Variation of the inclination angle  and horizontal position of the axis of wheel x in
dependence on time as a solution of non-linear model in Fig. 2 without implementation of PID
in feedback is shown in Fig. 3.

a)
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b)
Fig. 3 Response of tilt angle  and position x of the wheel axis

The linearization of the system of equations Eqs. 6 is performed for a small tilt angle ( < 5),
and we can introduce
sin   
cos   1
 2  0 .
In consequence of these, from linearized form of Eqs. 6, translational and angular acceleration
of the car could be calculated as
𝑥̈ =

[𝑚2𝑇 𝐿2𝑇

1
+ 𝑚2𝑇 𝐿2𝑇 𝑔θ − 𝑚 𝑇 𝐿𝑇 𝑀
− 𝑘(𝑚 𝑇 𝐿2𝑇 + 𝐼𝑇 )]

1
θ̈ = [𝑚2 𝐿2 −𝑘(𝑚
𝑇 𝑇

where k  mB  2mW 

2IW
R2

2
𝑇 𝐿𝑇 +𝐼𝑇 )]

+ 𝑘𝑚 𝑇 𝐿𝑇 𝑔θ − 𝑘𝑀 ,

(7)

.

The equations of motions of a two-wheel car during general in-plane movement
The general case of moving a two-wheeled vehicle is moving along a curved path in a plane.
If the path of movement is written as the function f(x), the pan angle  of rotation of the vehicle
about the vertical axis is given by the relation
𝜙 = 𝑎𝑟𝑐𝑡𝑔

𝑑𝑓(𝑥)
𝑑𝑥

.

In the case of rectilinear motion, the motion of the vehicle can be described by the equations
derived in the previous section. When the direction of the vehicle movement changes, we
introduce the assumption that the trajectories of significant points on the body of the vehicle are
parts of circles as shown in Fig. 4.

10.2478/rput-2021-0027

82

Then, for the radius of curvature of the
track R in the middle of the vehicle axis, it
applies
𝑏 𝜑 +𝜑

𝑅 = 2 𝜑𝑅−𝜑𝐿 .
𝑅

𝐿

The angle of rotation of the vehicle ϕ
about the vertical axis can be determined from
the difference between the travel paths of the
right and left wheels caused by different
wheel speeds
𝑅

𝑡𝑔𝜙 = 𝑏 (𝜑𝑅 − 𝜑𝐿 ) .
Fig. 4 Movement of vehicle wheels along a part
of a circular path

Changes of the coordinates of significant points on the vehicle in accordance with Fig. 1 as
a function of time and their time derivatives are summarized in the following Table 1.
Table 1 Coordinates of significant points on car and their derivatives
𝑥T = 𝑥 + 𝐿T 𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜙
𝑥̇ T = 𝑥̇ + 𝐿T (𝜃̇ 𝑐𝑜𝑠𝜃 𝑐𝑜𝑠𝜙 − 𝜙̇ 𝑠𝑖𝑛𝜃 𝑠𝑖𝑛𝜙)
𝑦T = 𝑦 + 𝐿T 𝑠𝑖𝑛𝜃 𝑠𝑖𝑛𝜙
𝑦̇ T = 𝑦̇ + 𝐿T (𝜃̇ 𝑐𝑜𝑠𝜃 𝑠𝑖𝑛𝜙 + 𝜙̇ 𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜙)
𝑧T = 𝑅𝑤 + 𝐿T 𝑐𝑜𝑠𝜃
𝑧̇T = −𝐿T 𝜃̇ 𝑠𝑖𝑛𝜃
𝑥̈ T = 𝑥̈ + 𝐿T (𝜃̈𝑐𝑜𝑠𝜃 𝑐𝑜𝑠𝜙 − 𝜃̇ 2 𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜙 −
2𝜃̇ 𝜙̇ 𝑐𝑜𝑠𝜃 𝑠𝑖𝑛𝜙 −
𝜙̈ 𝑠𝑖𝑛𝜃 𝑠𝑖𝑛𝜙 − 𝜙̇ 2 𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜙)
𝑦̈ T = 𝑦̈ + 𝐿T (𝜃̈𝑐𝑜𝑠𝜃 𝑠𝑖𝑛𝜙 − 𝜃̇ 2 𝑠𝑖𝑛𝜃 𝑠𝑖𝑛𝜙 + 2𝜃̇𝜙̇ 𝑐𝑜𝑠𝜃 𝑐𝑜𝑠𝜙
+ 𝜙̈ 𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜙 − 𝜙̇ 2 𝑠𝑖𝑛𝜃 𝑠𝑖𝑛𝜙)
𝑧̈T = −𝐿T (𝜃̈ 𝑠𝑖𝑛𝜃 + 𝜃̇ 2 𝑐𝑜𝑠𝜃)
1

𝑥𝐿 = 𝑥 + 2 𝑏 𝑠𝑖𝑛𝜙
1

𝑦𝐿 = 𝑦 − 2 𝑏 𝑐𝑜𝑠𝜙
𝑧𝐿 = 𝑅𝑤

1
𝑥̇ 𝐿 = 𝑥̇ + 2 𝑏 𝜙̇ 𝑐𝑜𝑠𝜙
1
𝑦̇ 𝐿 = 𝑦̇ + 𝑏 𝜙̇ 𝑠𝑖𝑛𝜙
2

1
𝑥̈ 𝐿 = 𝑥̈ + 2 𝑏(𝜙̈ 𝑐𝑜𝑠𝜙 − 𝜙̇ 2 𝑠𝑖𝑛𝜙)
1
𝑦̈ 𝐿 = 𝑦̈ + 𝑏(𝜙̈ 𝑠𝑖𝑛𝜙 + 𝜙̇ 2 𝑐𝑜𝑠𝜙)
2

1

𝑥𝑅 = 𝑥 − 2 𝑏 𝑠𝑖𝑛𝜙
1

𝑦𝑅 = 𝑦 + 2 𝑏 𝑐𝑜𝑠𝜙
𝑧𝑅 = 𝑅𝑤

1

𝑥̇ 𝑅 = 𝑥̇ − 2 𝑏 𝜙̇ 𝑐𝑜𝑠𝜙
1
𝑦̇ 𝑅 = 𝑦̇ − 𝑏 𝜙̇ 𝑠𝑖𝑛𝜙
2

1

𝑥̈ 𝑅 = 𝑥̈ − 2 𝑏(𝜙̈ 𝑐𝑜𝑠𝜙 − 𝜙̇ 2 𝑠𝑖𝑛𝜙)
1
𝑦̈ 𝑅 = 𝑦̈ − 𝑏(𝜙̈ 𝑠𝑖𝑛𝜙 + 𝜙̇ 2 𝑐𝑜𝑠𝜙)
2
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𝑅

𝜙̇ =

𝜙 = 𝑎𝑟𝑐𝑡𝑔 𝑏 (𝜑𝑅 − 𝜑𝐿 )

𝜙̈ =

𝑅(𝜑̇𝑅 −𝜑̇𝐿 )
𝑅2

𝑏(1+ 2 (𝜑𝑅 −𝜑𝐿 )2 )
𝑏
𝑅(𝜑̈𝑅 −𝜑̈𝐿 )
2𝑅 3 (𝜑̇𝑅 −𝜑̇𝐿 )2 (𝜑𝑅 −𝜑𝐿 )
𝑏+

𝑅2
(𝜑𝑅 −𝜑𝐿 )2
𝑏

−

𝑅2

𝑏 3 (1+ 2 (𝜑𝑅 −𝜑𝐿 )2 )
𝑏

2

When the car moves along a curved path, it is necessary to include in the solution the kinetic
energy from the rotation of the vehicle about the vertical axis. The equations of motion are
derived using Lagrange´s equations and the kinetic and potential energy of the system
𝑑 𝜕𝐿
( )
𝑑𝑡 𝜕𝜃̇

𝑑

𝜕𝐿

𝜕𝐿

− 𝜕𝜃 = −𝑛 ( 𝑀𝑅 + 𝑀𝐿 )
𝜕𝐿

( ) − 𝜕𝜑 = 𝑛 𝑀𝑅
𝑑𝑡 𝜕𝜑̇
𝑑

𝑅

(

𝜕𝐿

𝑑𝑡 𝜕𝜑̇𝐿

𝜕𝐿

(8)

𝑅

) − 𝜕𝜑 = 𝑛 𝑀𝐿 .
𝐿

The total kinetic energy of the vehicle consists of the kinetic energy of the superstructure
and both wheels in the general shape
1
1
1
1
1
𝐸𝑘 = 2 𝑚𝐵 𝑣̅T2 + 2 𝐼𝐵 𝜃̇ 2 + 2 𝑚𝑊 (𝑣̅𝑅2 + 𝑣̅𝐿2 ) + 2 𝐼𝑊𝑟𝑒𝑑 (𝜑̇ 𝑅2 + 𝜑̇ 𝐿2 ) + 2 𝐼𝑉 𝜙̇ 2 .

(9)

When the vehicle moves along in-plane path, the total kinetic energy Ek of the system is
expressed by the relation
1
1
1
1
𝐸𝑘 = 2 𝑚𝐵 (𝑥̇ T2 + 𝑦̇ T2 ) + 2 𝐼𝐵 𝜃̇ 2 + 2 𝑚𝑊 (𝑥̇ 𝑅2 + 𝑦̇ 𝑅2 ) + 2 𝑚𝑊 (𝑥̇ 𝐿2 + 𝑦̇ 𝐿2 )
1
1
+ 𝐼𝑊𝑟𝑒𝑑 (𝜑̇ 𝑅2 + 𝜑̇ 𝐿2 ) + 𝐼𝑉 𝜙̇ 2 =
2
1

2

(10)

= 2 [𝑚𝐵 (𝑥̇ T2 + 𝑦̇ T2 ) + 𝐼𝐵 𝜃̇ 2 + 𝑚𝑊 (𝑥̇ 𝑅2 + 𝑦̇ 𝑅2 + 𝑥̇ 𝐿2 + 𝑦̇ 𝐿2 ) + 𝐼𝑊𝑟𝑒𝑑 (𝜑̇ 𝑅2 + 𝜑̇ 𝐿2 ) + 𝐼𝑉 𝜙̇ 2 ]
The total potential energy Ep of the system is equal to the potential energy of the chassis only,
which is given by Eq. 3. The masses, moments of inertia of various parts of the vehicle and the
position of the centre of gravity must be determined experimentally. The Lagrangian L takes the
form
𝐿 = 𝐸𝑘 − 𝐸𝑝 =
1
1
1
1
= 𝑚𝐵 (𝑥̇ T2 + 𝑦̇ T2 ) + 𝐼𝐵 𝜃̇ 2 + 𝑚𝑊 (𝑥̇ 𝑅2 + 𝑦̇ 𝑅2 + 𝑥̇ 𝐿2 + 𝑦̇ 𝐿2 ) + 𝐼𝑊𝑟𝑒𝑑 (𝜑̇ 𝑅2 + 𝜑̇ 𝐿2 ) +
2
2
2
2
1
2
̇
+ 𝐼𝑉 𝜙 − 𝑚𝐵 𝑔𝐿T 𝑐𝑜𝑠𝜃

(11)

2

After substituting into Lagrange´s equations and necessary manipulations, we obtain nonlinear
differential equations describing the motion of parts of a two-wheel vehicle with the following
derivatives
𝑑 𝜕𝐿
( )
𝑑𝑡 𝜕𝜃̇

= 𝑚𝐵 𝐿𝑇 (𝑥𝑇̈ 𝑐𝑜𝑠𝜃𝑐𝑜𝑠 − 𝜃̇𝑥𝑇̇ 𝑠𝑖𝑛𝜃𝑐𝑜𝑠 − 𝜙̇𝑥𝑇̇ 𝑐𝑜𝑠𝜃𝑠𝑖𝑛 + 𝑦𝑇̈ 𝑐𝑜𝑠𝜃𝑠𝑖𝑛 −
̇
𝜃̇𝑦𝑇̇ 𝑠𝑖𝑛𝜃𝑐𝑜𝑠 + 𝜙̇𝑦𝑇 𝑐𝑜𝑠𝜃𝑐𝑜𝑠
)+𝐼𝐵 𝜃̈
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𝜕𝜙̇

𝑑

8𝑅 4 (𝜑𝑅 −𝜑𝐿 )(𝜑̇𝑅 −𝜑̇𝐿 )2

( )=−
𝑑𝑡 𝜕𝜑̇
𝑅

𝑑

𝜕𝜙̇

( )=
𝑑𝑡 𝜕𝜑̇

8𝑅 4 (𝜑𝑅 −𝜑𝐿 )(𝜑̇𝑅 −𝜑̇𝐿 )2

𝐿

2

𝑏 2 (1+𝑅2 (𝜑𝑅 −𝜑𝐿 )2 )2
𝑏

−

2
𝑏 4 (1+𝑅2 (𝜑𝑅 −𝜑𝐿 )2 )3
𝑏

2𝑅 2 (𝜑̈𝑅 −𝜑̈𝐿 )

+

3
2
𝑏 4 (1+𝑅2 (𝜑𝑅 −𝜑𝐿 )2 )
𝑏

2𝑅 2 (𝜑̈𝑅 −𝜑̈𝐿 )

(12)

2

𝑏 2 (1+𝑅2 (𝜑𝑅 −𝜑𝐿 )2 )2
𝑏

where
𝜕𝐿
𝜕𝜃

𝜕𝑥𝑇̇

= 𝑚𝐵 (𝑥𝑇̇

𝜕𝑥𝑇̇
𝜕𝜃
𝜕𝑦𝑇̇
𝜕𝜃
𝜕𝐿
𝜕𝜑𝑅
𝜕𝑥𝑇̇
𝜕𝜑𝑅
𝜕
𝜕𝜑𝑅
𝜕𝜙̇
𝜕𝜑𝑅
𝜕𝑦𝑇̇
𝜕𝜑𝑅
𝜕𝑥̇ 𝑅
𝜕𝜑𝑅
𝜕𝑦̇ 𝑅
𝜕𝜑𝑅
𝜕𝑥̇ 𝐿
𝜕𝜑𝑅
𝜕𝑦̇ 𝐿
𝜕𝜑𝑅
𝜕𝐿
𝜕𝜑𝐿
𝜕𝑥𝑇̇
𝜕𝜑𝐿
𝜕
𝜕𝜑𝐿
𝜕𝜙̇
𝜕𝜑𝐿
𝜕𝑦𝑇̇
𝜕𝜑𝐿
𝜕𝑥̇ 𝑅
𝜕𝜑𝐿

𝜕𝜃

+ 𝑦𝑇̇

𝜕𝑦𝑇̇
)
𝜕𝜃̇

+ 𝜃̇𝑚𝐵 𝑔𝐿T 𝑠𝑖𝑛𝜃

= 𝐿𝑇 (−𝜃 2̇ 𝑠𝑖𝑛𝜃𝑐𝑜𝑠 − 𝜃̇𝜙̇𝑐𝑜𝑠𝜃𝑠𝑖𝑛)
= 𝐿𝑇 (−𝜃 2̇ 𝑠𝑖𝑛𝜃𝑠𝑖𝑛 + 𝜃̇𝜙̇𝑐𝑜𝑠𝜃𝑐𝑜𝑠)
̇

𝜕𝑥 ̇
𝜕𝑦 ̇
𝜕𝑥̇
𝜕𝑦̇
𝜕𝑥 ̇
𝜕𝑦 ̇
𝜕𝜙
= 𝑚𝐵 (𝑥𝑇̇ 𝜕𝜑𝑇 + 𝑦𝑇̇ 𝜕𝜑𝑇 ) + 𝑚𝑊 (𝑥𝑅̇ 𝜕𝜑𝑅 + 𝑦𝑅̇ 𝜕𝜑𝑅 + 𝑥𝐿̇ 𝜕𝜑𝐿 + 𝑦𝐿̇ 𝜕𝜑𝐿 ) + 𝐼𝑣 𝜙̇ 𝜕𝜑
𝑅

𝑅

𝑅

𝜕

𝑅

𝑅

= 𝐿𝑇 𝜃̇𝑠𝑖𝑛𝜃(−𝑠𝑖𝑛) 𝜕𝜑 − 𝑠𝑖𝑛𝜃 𝜕𝜑 𝑠𝑖𝑛 − 𝜙̇𝑠𝑖𝑛𝜃𝑐𝑜𝑠 𝜕𝜑
𝑅

=
=

𝑅

𝑅

𝜕

𝜕𝜙̇

𝑅

𝑅

𝑅
𝑅2
𝑏(1+ 2 (𝜑𝑅 −𝜑𝐿 )2 )
𝑏

−2𝑅 3 (𝜑𝑅̇ −𝜑𝐿̇ )(𝜑𝑅 −𝜑𝐿 )
𝑅2

𝑏 3 (1+ 2 (𝜑𝑅 −𝜑𝐿 )2 )2
𝑏

𝜕
𝜕𝜙
𝜕
= 𝐿𝑇 (𝜃̇𝑐𝑜𝑠𝜃𝑐𝑜𝑠 𝜕𝜑 + 𝑠𝑖𝑛𝜃 𝜕𝜑 𝑐𝑜𝑠 − 𝜙̇𝑠𝑖𝑛 𝜕𝜑
̇

𝑅

𝑅

𝑅

𝜕

𝜕𝜙̇

1

= − 2 𝑏(𝜕𝜑 𝑐𝑜𝑠 − ∅̇𝑠𝑖𝑛 𝜕𝜑 )
𝑅

𝑅

1
𝜕𝜙
𝜕
= − 2 𝑏(𝜕𝜑 𝑠𝑖𝑛 + 𝜙̇𝑐𝑜𝑠 𝜕𝜑 )
̇

𝑅

1

𝑅

𝜕

𝜕𝜙̇

= 2 𝑏(𝜕𝜑 𝑐𝑜𝑠 − 𝜙̇𝑠𝑖𝑛 𝜕𝜑 )
𝑅

𝑅

1
𝜕𝜙
𝜕
= 2 𝑏(𝜕𝜑 𝑠𝑖𝑛 − 𝜙̇𝑠𝑖𝑛 𝜕𝜑 )
̇

𝑅

𝑅

̇

𝜕𝑥 ̇
𝜕𝑦 ̇
𝜕𝑥̇
𝜕𝑦̇
𝜕𝑥 ̇
𝜕𝑦 ̇
𝜕𝜙
= 𝑚𝐵 (𝑥𝑇̇ 𝜕𝜑𝑇 + 𝑦𝑇̇ 𝜕𝜑𝑇 ) + 𝑚𝑊 (𝑥𝑅̇ 𝜕𝜑𝑅 + 𝑦𝑅̇ 𝜕𝜑𝑅 + 𝑥𝐿̇ 𝜕𝜑𝐿 + 𝑦𝐿̇ 𝜕𝜑𝐿 ) + 𝐼𝑣 𝜙̇ 𝜕𝜑
𝐿

𝐿

𝜕

= 𝐿𝑇 𝜃̇ 𝑐𝑜𝑠𝜃(−𝑠𝑖𝑛)
=
=

𝜕𝜑𝐿

𝐿

𝜕𝜙̇

− 𝑠𝑖𝑛𝜃

𝜕𝜑𝐿

𝐿

𝐿

𝜕

𝑠𝑖𝑛 − 𝜙̇𝑠𝑖𝑛𝜃𝑐𝑜𝑠

𝜕𝜑𝐿

−𝑅
𝑅2
𝑏(1+ 2 (𝜑𝑅 −𝜑𝐿 )2 )
𝑏

2𝑅 3 (𝜑𝑅̇ −𝜑𝐿̇ )(𝜑𝑅 −𝜑𝐿 )
𝑅2

𝑏 3 (1+ 2 (𝜑𝑅 −𝜑𝐿 )2 )2
𝑏

𝜕
𝜕𝜙
𝜕
= 𝐿𝑇 (𝜃̇𝑐𝑜𝑠𝜃𝑐𝑜𝑠 𝜕𝜑 + 𝑠𝑖𝑛𝜃 𝜕𝜑 𝑐𝑜𝑠 − 𝜙̇𝑠𝑖𝑛𝑠𝑖𝑛 𝜕𝜑
̇

𝐿

𝐿

𝐿

1
𝜕
= − 2 𝑏(𝜕𝜑 𝑐𝑜𝑠 − 𝜙̇𝑠𝑖𝑛 𝜕𝜑 )
𝜕𝜙̇

𝐿
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𝐿

𝐿

𝜕𝑦̇ 𝑅
𝜕𝜑𝐿
𝜕𝑥̇ 𝐿
𝜕𝜑𝐿
𝜕𝑦̇ 𝐿
𝜕𝜑𝐿

𝜕

𝜕𝜙̇

1

= − 2 𝑏(𝜕𝜑 𝑠𝑖𝑛 + 𝜙̇𝑐𝑜𝑠 𝜕𝜑 )
𝐿

𝐿

1
𝜕𝜙
𝜕
= 2 𝑏(𝜕𝜑 𝑐𝑜𝑠 − 𝜙̇𝑠𝑖𝑛 𝜕𝜑 )
̇

𝐿

1

𝐿

𝜕

𝜕𝜙̇

= 2 𝑏(𝜕𝜑 𝑠𝑖𝑛 − 𝜙̇𝑠𝑖𝑛 𝜕𝜑 )
𝐿

𝐿

In the equations above, the reduced moment of inertia Iwred takes into account the mass
moments of inertia of the rotor of the DC motor, gearbox, shafts and wheels (Fig. 5). The
reduction method was used to calculate Iwred, while neglecting the moments of inertia of the gears,
as the gearbox used the wheels made of plastics. Their mass and moments of inertia are small
compared to the mass parameters of other elements in the subassembly. The reduced moment of
inertia of the wheel is expressed as
𝐼𝑊𝑟𝑒𝑑 = 𝐼𝑤 + 𝑛2 𝐼𝑚 ,

(13)

where Iw is moment of inertia of the wheel, Im is moment of inertia of the DC rotor and 𝑛 is the
gear ratio.

Fig. 5 Wheel drive subsystem

MATHEMATICAL MODEL OF A DC MOTOR
Mathematical model of a DC motor is often considered in the form of a linear model. Such
model is then implemented into the dynamic model of the self-balancing cart to provide a
relationship between the applied input voltage Va of DC motor and its output torque Mm. Torque
Mm = km i is proportional to the current i. Linear differential equation of the DC motor results
from the Kirchhoff´s Voltage Law
Va  R i  L

di
 Ve
dt



Va  R i  ke  ,

(14)

where Ve = ke  is the back electromotive force (voltage) approximated as a linear function of
angular velocity. Using the Newton´s Law of motion, dynamic equilibrium equation of drive
takes the form
IR

d
 M m  M  km i  M ,
dt

(15)

where IR is reduced moment inertia of the drive and M is applied torque. Substituting Eq. 14 into
Eq. 15, and simplifying and rearranging the terms leads to the final differential equation which
joins motor angular velocity , applied voltage Va and applied torque M together
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IR

d
k k
1
  m e   M .
dt
R
R

Static torque characteristics of DC motor
The dependence of the DC motor torque on the speed can be also determined from the static
characteristics. The static gear characteristics of a DC motor with a permanent magnet in the
stator can be replaced by a linear dependence according to Fig. 6. The dependence of motor
torque M() is then given by
𝑀(𝜑̇ ) = 𝑀𝑖𝑛𝑖𝑡 (𝜔10 𝜑̇ + 1) ,

(18)

where Minit is the motor torque at zero speed (usually Minit = (6÷7)Mn), Mn is nominal torque of
the motor and 0 is angular speed of unloaded motor.
ω
ω0

Mzáb

M

Fig. 6 Static torque characteristics of DC motor with permanent magnet

THE ACCELEROMETER AND GYROSCOPE DATA PROCESSING
The most important task of the control of self-balancing cart is the determination of the real
inclination angle of the platform. Information about the movement and the angular position of
the self-balancing cart can be easily obtained by the accelerometer and gyroscope implemented
in IMU. The angle is not directly measurable, and it must be acquired indirectly using one of the
three methods:
- Accelerometer – the inclination angle is computed as a projection of the vector of gravity into
the horizontal axis of the sensor using atan2 function. However, the forward acceleration is
also projected into the measured signal, and thus the angle can be computed very incorrectly.
- Gyrosensor – the angle is obtained as the integration of the measured angular velocity. The
problem is the drift of the gyro data.
- Combination of both, accelerometer and gyrosensor - is the practical, most-widely used option
[1].
There are two main problems when combining both above-mentioned sensors. The
accelerometer measures true values when the acceleration is continuous; however, when
vibrations occur, the returned values are laden with error. The gyroscope data has tendency to
drift owing to the integration over time. Values did not return to zero when the system went back
to its original position [1]. Solution to that problem is to merge the signals returned by the sensors
by:
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- Kalman filter - the best filter to be used. From a theoretical point of view, it is the one that
minimizes the errors from the true signal value. The filter needs to be able to calculate the
coefficients of the matrices, the process-based error, measurement error, etc. Firstly, it is very
difficult to understand, and secondly, it is hard to implement on low-cost hardware.
- First-order complementary filter - this is easy used filter. The filter combines the readings
from the accelerometer and the gyroscope to get good usable results. This filter is used in
control algorithm of self-balancing cart.
- Second-order complementary filter - the principle of the filter is the same, but the algorithm is
more complicated as for first-order filter.
As follows from test results [6], the complementary filter can substitute the Kalman filter.
From the theoretical point of view, the Kalman filter is the best one for such applications, but its
complexity is too high for a hobbistic robot builders and bachelor degree students. The
complementary filter is easier to use and fast faster and easier to use.
First-order complementary filter merges high-pass and low-pass filters simultaneously. The
low-pass filter filters high frequency signals (such as vibrations in the accelerometer signal),
while high-pass filter filters low frequency signal (such as the drift of the gyroscope), as shown
in Fig. 7 [7]. To obtain the tilt angle by the accelerometer, we had to determine the position of
the gravity vector, always accessible on the accelerometer. We could obtain the tilt angle from
the gyroscope data by integrating the angular velocity over time.
The used MPU-6050 contains a digital motion processor (DMP) which can perform the data
fusion on the IMU chip. The details of how the DMP performs the calculations have not been
published. Comparison of DMP and complementary filter indicates that, for pitch (rotation about
the Y-axis) and roll (rotation about the X-axis), the calculations are fairly close. The DMP
algorithm is able to calculate yaw (rotation about the Z-axis), while the complementary filter
cannot. However, it is possible that a correct implementation of the complementary filter might
eliminate some of the errors.

accelerometer
(inverse atan2)

low-pass
filter



gyroscope
(angular velocity)



high-pass
filter

tilt
angle

complementary filter
Fig. 7 Idea of the complementary filter

Implementation of complementary filter algorithm for the self-balancing cart takes the form
filtered   ( previous   gyroAngVeloY * dt )  (1  )(accAngle) ,

(19)

where    /(  dt) is the filter coefficient,  is the time constant of the filter and dt is the loop
time period which depends on real implementation. In the algorithm of complementary filter,
coefficient  = 0.98 was used. The data of gyro is a significant input to the filter, and the
accelerometer data is just used for drift compensation. Orientation of the IMU sensor axes is
shown in Fig. 9. To calculate accAngle, the following relationship was applied
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accAngle  accX / accX 2  accZ 2 .

(20)

To ensure the correct values of tilt angle and angular speed, the calibration of the IMU sensor
(adjustment of gyro and accelerometer offsets) before the first use must be performed.
PID CONTROL
PID is used to control the motors of the self-balancing cart according to the rapid changes in
tilt angle. The basic algorithm of PID control is well known (Fig. 5). In the self-balancing cart,
the reference angle can be calculated by positioning the robot in the upright position, and
therefore the feedback error value can be calculated as
e(t) = filtered  - SetPoint ,

21)

where SetPoint is the reference tilt angle in which the cart is in a stable position. The value of
SetPoint is related on the mass distribution in the system.

Fig. 8 Scheme of PID control system

Stabilization of the system required continuously taking the correct tilt feedback to provide
the needful DC motors control according to the PID algorithm [9]. Throughout practical
experiments, manual PID tuning was used to obtain the desired set of control term values. The
Ziegler–Nichols tuning procedure gave an acceptable set of gain parameters at which the output
of the control loop is stable. For real model of self-balance cart, value set (KP = 52, KI = 75,
KD = 0.3) looks as optimal. In control algorithm of the model PID regulator, output is processed
into the variable of Output, the value of which controls the operation of DC motors driver
according to the conditions

where the first condition (filteredTheta range) served to switch-off the motors in case of a
complete loss of the vehicle stability.
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MECHANICAL AND ELECTRICAL DESIGN
The assembly of the self-balancing two-wheel cart is shown in Fig. 6. Mechanical part is
made of aluminium profile and electric isolated rods. The control circuit contains Arduino Uno
as the vehicle controller, IMU MPU-6050 as the angular accelerometer and gyrosensor, L298N
as a driver controller, and two DC motors with gearbox and wheels. The mass, dimensional and
computational parameters of the real model are summarized in Table 2.

Fig. 9 Design and dimensions of two-wheel self-balancing cart model version

Table 2 Parameters of the real model
weight of chassis part
weight of one wheel
moment of inertia of chassis part
moment of inertia of one wheel
dimensions of chassis part (b  h  v)
wheel diameter (radius)
distance between wheel axis and center of mass
of the chassis part
gravity

mC = 0.454 kg
mW = 0.0345 kg
IC = 2.894  10-4 kg m2
IW = 1.822  10-5 kg m2
(170  55  127) mm
D = 65 mm (R = 32.5 mm)
LT = 38 mm
g = 9.81 m s-2

Calculation limit of the cart tilt angle was set to max = 20, and angular speed n = 200 RPM.
The minimal torque Mmin and power Pmin of both DC motors are then given as

M min  mC g LT sin max  0.06039 Nm

and

Pmin 

2 M min n
 3.16 W
60

at the considered efficiency of 80% ( = 0.8). Based on the calculated values, DC motor 1B481416LSD6 was chosen with the following parameters: supply voltage 3 - 8 V, motor current 70
- 250 mA, gear ratio i = 1:48, torque 0.015 - 0.085 Nm and rotational speed 110 - 250 RPM.
Fig. 10 shows the electrical circuit used in the project.
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Fig. 10 Connection of DC motor driver and IMU to Arduino Uno

The implemented balance control algorithm functionality was verified on the made model
based on the Arduino embedded development board. As shown in Fig. 11, variance of inclination
angle around the stable position of the cart was in the range of 5 approximately. Good
functionality of the control algorithm is shown in the photo sequence in Fig. 12.

Fig. 11 Example of tilt angle variation over the time during the real model test

Summary
The purpose of research described in this paper was to propose a simple model and control
system of inverted pendulum applicable in teaching process. The final implemented algorithm is
very simple, consisting of the function to capture data from IMU, a complementary filter and
PID controller of the cart motion. Structure of control algorithm allows to test influence on
stability of self-balancing cart by changing filter types, their constants and the PID controller
parameters. Currently, the robot can move forward and backward in the inclined plane, but it
cannot turn left or right. The model successfully demonstrated potential for academic use. The
modular design allows to connect additional sensors and accessories (distance sensor,
communication module). In the future, the model will be complemented by remote control and
the ability to change the direction of movement.
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Fig. 12 Results of the stability test of two-wheel self-balancing cart
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